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Abstract

A quadrupole method is developed to solve heat transfer through a periodic macro-contact with time varying

constriction. The solution is based on Fourier developments of time periodic variables. The result shows that it is

necessary to introduce the concept of ‘‘building-up’’ of constriction to explain the thermal behavior for short and

moderate periods. It is demonstrated that three characteristic times govern the problem: contact period, characteristic

time of the rod and ‘‘building-up’’ time of constriction. Simplified schemes of the apparent resistance are presented

corresponding to three limiting states. The analytical approach is validated by a numerical solution. � 2002 Elsevier

Science Ltd. All rights reserved.

1. Introduction

The imperfection of contact surfaces yields a con-

striction of heat flow through the interface. This phe-

nomenon constitutes an important subject of study in

the field of heat transfer across solid surfaces perma-

nently held in contact [1–5]. Nevertheless, very little

work is available in the literature on the investigation of

thermal constriction in periodically contacting regions,

despite the importance of this problem in numerous

practical applications.

Conductive heat transfer through periodically con-

tacting surfaces has been modeled in both theoretical

[6–13] and experimental [14–17] works. They correspond

to the assumption of a uniform contact conductance at

the whole interface, and thus to a one-dimensional heat

flow in contacting regions. However, a time-varying

thermal constriction of the heat flow appears because

the actual contact area is exceedingly small compared

with the apparent contact area in practical cases. It

is thus necessary to consider the influence of constric-

tion on heat transfer through periodically contacting

surfaces.

The valve-seat periodic contact in an internal combus-

tion engine can be considered as a typical example of its

industrial applications [18]. As it is shown in various

studies, both theoretical and experimental, the main

problem on this topic lies on the dependence of the ap-

parent contact resistance (the timeaverageduringaperiod)

on the period. We will be engaged to analyze theoreti-

cally this dependence in the presence of a macro-con-

striction of heat flux lines and demonstrate the importance

of the ‘‘building-up’’ time of this macro-constriction.

Toward this end, we develop a quadrupole model

[19], which contains a term associated to the thermal

constriction, in order to solve conductive transfer

through a periodic macro-contact. This model is used to

discuss the influence of thermal constriction on the ap-

parent system resistance in a wide range of contact fre-

quency. We analyze moreover the characteristic time of

‘‘building-up’’ of the constriction in a simple case and its

influence on the apparent resistance of periodic contact.

Consequently, simplified schemes of the apparent system

resistance are obtained for the three limiting states.

The quadrupole model is validated by a finite differ-

ence solution.

2. Mathematical model

We consider a cylindrical rod of length l with a

uniform cross-section of radius R (heat conductivity k,
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heat diffusivity a), which is insulated laterally so that no

heat transfer takes place from the sides. One end ðx ¼ 0Þ
is held at a uniform temperature T0 while the other end
ðx ¼ lÞ is brought into periodic contact (contact–non-

contact) with a plane kept at constant temperature Tc.
This contact involves a disk (the asperity) of radius

r0 < R (Fig. 1). We assume that: the contact conduc-

tance is time dependent and uniform over the whole

asperity (actual contact area); there is no heat transfer

through the remaining area surrounding the asperity;

the thickness of the asperity is neglected; and the peri-

odic condition is established.

The governing heat conduction problem is therefore

defined as

1

r
o

or
r
oT
or

� �
þ o2T

ox2
¼ 1

a
oT
ot

; ð1Þ

T ¼ T0 for x ¼ 0; ð1aÞ

�k
oT
ox

¼ hðtÞðT � TcÞ for 0 < r < r0;
0 for r0 < r < R;

�
x ¼ l; ð1bÞ

oT
or

¼ 0 for r ¼ R; ð1cÞ

where the contact resistance per unit area 1=hðtÞ varies
periodically with time in a period s ¼ s1 þ s2. It is equal
to 1=h1 during the contact phase s1 and to 1=h2 during
the noncontact phase s2.

3. Resolution of the problem by the quadrupole method

The quadrupole method has been used to solve

transient conductive transfer problems using inverse

Nomenclature

A;B;C;D quadrupole coefficients

a heat diffusivity

h periodic contact conductance at the

interface

J0; J1 Bessel functions of order 0 and 1

k heat conductivity

l rod length

p Laplace variable

Q heat flux

q heat flux density

R rod radius

r radial coordinate

r0 asperity radius

rapp apparent system resistance

rb thermal resistance of the rod

rc contact resistance

rct thermal constriction resistance

T temperature

T0 imposed fixed end temperature of the rod

Tc imposed contact surface temperature

t time variable

x axial coordinate

zct constriction impedance

zn term associated with the thermal

constriction contained in the quadrupole

Greek symbols

an nth root of the equation

J1ðaRÞ ¼ 0

dðtÞ Dirac function

U Laplace transform of heat flux

cn c2n ¼ a2n þ ixn=a
h Laplace transform of temperature

s contact period

sb characteristic time of the rod

sct characteristic time of the

constriction

xn nx (x is the pulsation)

Subscripts

0 at x ¼ 0

0;m;1 three limiting states, corresponding to

short, moderate and long periods,

respectively

1, 2 related to phases 1, 2 (contact and

noncontact)

a related to the asperity

l at x ¼ l
n related to the nth term of Fourier

development

Superscripts

� average quantity

� dimensionless quantity

Fig. 1. Scheme of macro-contact.
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transfer matrices that link Laplace transforms of input

and output temperatures and heat fluxes [19–21].

Degiovanni et al. [22] presented an approximate an-

alytical model of thermal constriction in transient state.

Using the average temperatures and fluxes (in the form

of Laplace transform), they gave a quadrupole repre-

sentation of the transient constriction. We extend here

the same approach to periodic macro-contact with

transient constriction.

3.1. Thermal quadrupole related to a constriction

One reviews here in brief the general problem of a

constriction in variable state (Fig. 1)

1

r
o

or
r
oT
or

� �
þ o2T

ox2
¼ 1

a
oT
ot

; ð2Þ

�k
oT
ox

¼ qðr; tÞ for 0 < r < r0;
0 for r0 < r < R;

�
x ¼ l; ð2aÞ

oT
or

¼ 0 for r ¼ R; ð2bÞ

any condition independent of r for x ¼ 0; ð2cÞ

T ¼ 0 at t ¼ 0: ð2dÞ

Use of the Laplace transform with the initial condition

(2d) leads to

1

r
o

or
r
oh
or

� �
þ o2h

ox2
¼ p

a
h; ð3Þ

�k
oh
ox

¼ uðr; pÞ for 0 < r < r0;
0 for r0 < r < R;

�
x ¼ l; ð3aÞ

oh
or

¼ 0 for r ¼ R: ð3bÞ

When l > R, which is always the case in practice, the

quadrupole associated with problem (3), is independent

of the boundary condition in x ¼ 0, i.e.

�hh0
U0

� �
¼ A B

C D

� �
�hha
Ua

� �
; ð4Þ

where �hh0 denotes the Laplace transform of the average

temperature over the surface at x ¼ 0, and �hha the av-

erage temperature over the asperity area 0 < r < r0 at

x ¼ l; U0 and Ua are the Laplace heat fluxes at x ¼ 0

and x ¼ l.

3.2. Quadrupoles in established periodic state

Assuming that periodic state is established, the tem-

perature and the flux density varying periodically with

time can be developed in Fourier series

T ðx; r; tÞ ¼
Xn¼þ1

n¼�1
Tnðx; rÞeixnt
� �

; ð5aÞ

qðx; r; tÞ ¼
Xn¼þ1

n¼�1
qnðx; rÞeixnt
� �

; ð5bÞ

where xn ¼ nx ¼ 2pn=s.From problem (2), to be solved,

we have then the following equation in Tn:

1

r
o

or
r
oTn
or

� �
þ o2Tn

ox2
¼ ixn

a
Tn; ð6Þ

�k
oTn
ox

¼ qnðrÞ for 0 < r < r0;
0 for r0 < r < R;

�
x ¼ l; ð6aÞ

oTn
or

¼ 0 for r ¼ R: ð6bÞ

Comparing system (6) with Eq. (3), it is obvious that

the solution of (6) can be put in quadrupole form as

below:

�TT0;n
Q0;n

� �
¼ An Bn

Cn Dn

� �
�TTa;n
Qa;n

� �
; ð7Þ

where �TT0;n, �TTa;n, Q0;n and Qa;n denote, respectively, the nth
terms of Fourier developments of the average tempera-

tures and the total flux over the whole surface at x ¼ 0

and the asperity area 0 < r < r0 at x ¼ l, that is to say

�TT0 ¼
2

R2

Z R

0

Tx¼0rdr;

�TTa ¼
2

r20

Z r0

0

Tx¼lrdr;

Q0 ¼ 2p
Z R

0

�
� k

oT
ox

�
x¼0

rdr;

Qa ¼ 2p
Z r0

0

�
� k

oT
ox

�
x¼l

rdr:

ð8Þ

Substituting p by ixn in the expression (4), the quadru-

pole is written as

An Bn

Cn Dn

� �
¼ A0

n B0
n

C0
n D0

n

� �
1 zn
0 1

� �
; ð9Þ

where the coefficients of the first sub-quadrupole related

to the unperturbed medium are given below:

A0
n ¼ D0

n ¼ coshð
ffiffiffiffiffiffiffiffiffiffiffiffi
ixn=a

p
lÞ; ð9aÞ

C0
n ¼ pR2k

ffiffiffiffiffiffiffiffiffiffiffiffi
ixn=a

p
sinhð

ffiffiffiffiffiffiffiffiffiffiffiffi
ixn=a

p
lÞ; ð9bÞ

B0
n ¼

sinh
ffiffiffiffiffiffiffiffiffiffiffiffi
ixn=a

p
l

� 

pR2k

ffiffiffiffiffiffiffiffiffiffiffiffi
ixn=a

p ; ð9cÞ

for n
�

¼ 0; A0
0 ¼ D0

0 ¼ 1; C0
0 ¼ 0

and B0
0 ¼ rb ¼

l
pR2k

�
;

and the term associated with the constriction of the heat

flux lines
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zn ¼
X1
m¼1

2J1ðamr0Þ
R r0
0
rql;nðrÞJ0ðamrÞdr

pkamr0R2cmJ
2
0 ðamRÞ

R r0
0
rql;nðrÞdr

; ð10Þ

where am stands for the roots of J1ðaRÞ ¼ 0, and

c2m ¼ a2m þ ixn=a.

Notes.

• For the periodic case, the inputs and the outputs of

the transfer matrix are, respectively, the coefficients

of the Fourier developments of the average tempera-

tures and of the total flux over the surface at x ¼ 0

and over the asperity area at x ¼ l.
• This model takes into account the ‘‘building-up’’ of

the thermal constriction through the zn term.
• This model makes sense only under the condition

l > R [22], which means that the constriction is estab-

lished axially, i.e. the transfer is one-directional at

x ¼ 0.

3.3. Solution for periodic macro-contact

Using the average temperatures, we have obtained an

approximate analytical model for the periodic conduc-

tion with constriction. It presents the same quadrupole

representation as that of one-dimensional conduction.

We follow identical steps, which have been used in one-

dimensional case of periodic contact [23], to solve this

model for the case of periodic macro-contact. In fact,

the only additional difficulty lies in the calculation of the

constriction term zn.
To connect the flux at the interface to the periodic

contact conductance hðtÞ, boundary condition (1b) is

rewritten using average values over the asperity

(0 < r < r0)

Qa ¼ pr20hðtÞð �TTa � TcÞ: ð11Þ

The periodic contact conductance hðtÞ is developed into

Fourier series as well

hðtÞ ¼
Xn¼1

n¼�1
hneixnt: ð12Þ

Then condition (11) becomes

Xn¼þ1

n¼�1
Qa;ne

ixnt ¼ pr20
Xn¼þ1

n¼�1
hneixnt
� � !

	
Xn¼þ1

n¼�1
ðT a;n

� 
� Tc;nÞeixnt

�!
: ð13Þ

From this expression and quadrupole equation (7),

coupled equations are easily obtained

Qa;n ¼ pr20
Xm¼þ1

m¼�1
hn�mðT a;m

�
� Tc;mÞ

�
; ð14aÞ

T 0;n ¼ AnT a;n þ BnQa;n; ð14bÞ

and therefore �TTa;n is the solution of the following equa-

tion:

pr20
Xm¼þ1

m¼�1
hn�mðT a;m

�
� Tc;mÞ

�
þ An

Bn
T a;n ¼

T 0;n

Bn
: ð15Þ

The infinite summation is truncated so that only the

terms corresponding to �N 6m6N are kept in the

practical calculation.

The following vectors are defined to facilitate the

calculation:

Tl ¼ ½Tl;n�; Tc ¼ ½Tc;n�; T0 ¼ ½T0;n�
and H ¼ ½hnþN �:

ð16Þ

Eq. (15) can therefore be written as a matrix equation of

finite size:

toeplitzðH;H0Þ
�

þ diag
An

Bn

� ��
Tl

¼ T0;n
Bn

� �
þ toeplitzðH;H0ÞTc; ð17Þ

where diag½An=Bn� is a diagonal matrix and

toeplitzðH;H0Þ is an asymmetrical Toeplitz matrix, the

first row of which is H and the first line H0

toeplitzðH;H0Þ ¼

h0 h�1 � � � h�2N
h1 h0 � � � h�2Nþ1

..

. ..
. . .

. ..
.

h2N h2N�1 � � � h0

2
6664

3
7775: ð18Þ

Matrix solvers of MATLAB type [24] allow a very

simple calculation of this kind of expression.

Appendix A gives the Fourier development of the

contact conductance hðtÞ in the studied case of an in-

termittent contact (contact-noncontact). In fact, thanks

to the use of Fourier development of periodic quantities,

the above method is valid for contacts with any periodic

boundary contact condition at the interface.

In order to calculate zn, a usual approximation lies in

assuming a uniform flux density on the actual contact

area of radius r0. Thus expression (10) is reduced to

zn ¼
X1
m¼1

4J 21 ðamr0Þ
pka2mr

2
0R2cmJ

2
0 ðamRÞ

; ð19Þ

where the zeros (jm;m) of Bessel functions are approxi-

mated by [25]

jm;m 
 b � l � 1

8b
� 4ðl � 1Þð7l � 31Þ

3ð8bÞ2

� 32ðl � 1Þð83l2 � 982l þ 3779Þ
15ð8bÞ3

� 64ðl � 1Þð6949l3 � 153855l2 þ 1585743l � 6277237Þ
105ð8bÞ7

� � � �
with l ¼ 4m2 and b ¼ ðmþ 1

2
m � 1

4
Þp.
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Notes.

• When the pulsation xn ¼ 2pn=s approaches zero, the
constriction term zn becomes the constriction resis-

tance in steady state. An approximate formula is

available [26]

z0 ¼
A0

pkr0
ð20Þ

with

A0 ¼ 0:848–1:093
r0
R
þ 0:245

r0
R

� 
3:75
(when r0=R ! 0, A0 ! 8=3p ¼ 0:848).

• zn is a decreasing function of the pulsation.

• In the case R � r0, the constriction term is identical

to its value obtained for a semi-infinite domain [22],

i.e.

Fig. 2. Variations of average temperature and total flux during a period ðr0=R ¼ 0:10;R=l ¼ 0:02Þ. (	) Finite difference; (-) quadru-
pole. (a) s� ¼ 10�2; (b) s� ¼ 100; (c) s� ¼ 102.
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z0n ¼
2

pkr0

Z 1

0

J 21 ðeÞ
e

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 þ ixnr20=a

p de: ð21Þ

An approximate formula of this integral is given

[27]

z0n 

8

3p2kr0 1þ 8
3p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ixnr20=a

p� 
 : ð22Þ

This approximation is obtained by setting in

parallel the constriction resistance, here z00 ¼ 8=
ð3p2kr0Þ, with the impedance of a semi-infinite

cylinder of radius r0, i.e. 1=
ffiffiffiffiffiffiffiffi
kqc

p
pr20

ffiffiffiffiffiffiffi
ixn

p
: We get

this approximation from the fact that the formula

(21) tends to the impedance of a semi-infinite cyl-

inder of radius r0 while xn tending to infinity. In

fact

Fig. 3. Variations of average temperature and total flux during a period ðr0=R ¼ 0:80;R=l ¼ 0:02Þ. (	) Finite difference; (-) quadru-
pole. (a) s� ¼ 10�2; (b) s� ¼ 100; (c) s� ¼ 102.
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when xn ! 1 z0n ¼
2

pkr0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ixnr20=a

p Z 1

0

J 21 ðeÞ
e

de;

and

Z 1

0

J 21 ðeÞ
e

de ¼ 1

2
:

(This result shows that the transfer is uni-directional

for short times.)

• Using the same approach with the formula (19), an

approximation is obtained

zn 

A0

pkr0ð1þ A0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ixnr20=a

p
Þ
: ð23Þ

4. Results and discussion

For the macro-contact in periodic state, the apparent

system resistance rapp is defined as

rapp ¼
DT
�QQ

with DT ¼ �TT0 � Tc; ð24Þ

where �TT0 and �QQ are time averages of the temperature and

the heat flux going through the system ( �QQ ¼ �QQa), re-

spectively.

While presenting the results of the calculation, we

pay a particular attention to the apparent resistance

varying with the contact period in the case of an inter-

mittent contact (h1 
 1, h2 
 0) and s1 ¼ s2. All the
results are given in dimensionless form. So the following

dimensionless quantities are introduced: space variables

x� ¼ x=l and r� ¼ r=l, time variable t� ¼ t=sb and tem-

perature T � ¼ ðT � TcÞ=ðT0 � TcÞ; period s� ¼ s=sb;
contact conductance h� ¼ hpR2rb and apparent system

resistance r�app ¼ rapp=rb, where the thermal resistance of
the rod is rb ¼ l=pR2k and its thermal characteristic time
sb ¼ l2=a.

4.1. Verification of the quadrupole model

The quadrupole model is based on averaged quanti-

ties for inputs and outputs. Consequently, the obtained

results are the average temperature and the total flux

over the asperity area. In order to validate the model

and the approximations, we compare the results of the

quadrupole method with a numerical solution of the

problem [23,28]. The numerical resolution of system (1),

is performed by the finite difference method of implicit

scheme, where a non-uniform grid is generated in axi-

symmetric coordinates and an alternate direction line

iteration (ADI) is adopted.

Figs. 2 and 3 show the variations of the average

temperature and of the total flux over the asperity

area, T �
a and Q�

a, during a period obtained by both

methods. The results are presented for different contact

periods in the cases of small and large asperities. They

show a good agreement between the two solutions.

However we observe a harmonic oscillation of the

temperature caused by the imperfection of the Fourier

development for describing a discontinuous function

(Fig. 4).

Fig. 5 shows the variation of the apparent system

resistance with the contact period for the two methods.

Considering the numerical difficulties of both solutions,

the agreement is excellent.

(a) (b)

Fig. 4. Convergence of the solution by the quadrupole method ðh�1 ¼ 20; h�2 ¼ 0; s� ¼ 103Þ. (-) Result by the quadrupole method;

(� � �) result of steady states. (a) Harmonic oscillation of the temperature T �
l (for small N); (b) Gibbs phenomenon of the temperature T �

l

(for big N).

H. Wang, A. Degiovanni / International Journal of Heat and Mass Transfer 45 (2002) 2177–2190 2183



4.2. Influence of the macro-contact geometry

Degiovanni et al. [22] demonstrated that the quad-

rupole associated with a thermal constriction is valid

under the condition l > R (s� ¼ 1 chosen). Fig. 6 shows

the variation of the apparent resistance of the system

with R=l, while maintaining the r0=R ratio constant.

The preceding condition is thus confirmed. Fig. 7 shows

the finite difference solutions of the temperature distri-

bution in the rod at times s=2 and s in the cases

R=l ¼ 1:0 and R=l ¼ 4:0. In the case R=l ¼ 4:0, the heat
flux over the surface x ¼ 0 becomes non-uniform (the

flux at r ¼ R is 0), which explains the observed devia-

tion of the quadrupole model from the numerical cal-

culation, the quadrupole model being not valid any

more.

4.3. Comparison with the results of the one-dimensional

model

Fig. 8 presents the apparent resistance of a periodic

macro-contact as a function of the contact period as well

as the same variation for a one-dimensional periodic

contact (a uniform contact conductance over the whole

surface at the interface). The one-dimensional result is

taken as [23]. The uni-directional case corresponds to

the case r0 ¼ R, that is to say the absence of constriction
in the rod. In order to compare these two cases, we have

reduced the apparent resistance of the uni-directional

case to that of the two-directional case for large period

state, which amounts to add the constriction resistance

to the interface resistance:

heq ¼
1

1=hþ z0
: ð25Þ

A good agreement between one-dimensional contact and

macro-contact models is observed for long periods. The

macro-contact curve is characterized by an additional

inflexion when compared with the one-dimensional sit-

uation. This is the consequence of the building-up of a

constriction. We will try to explain this phenomenon by

introducing a characteristic time of the ‘‘building-up’’ of

the constriction.

Some elements can be given for the comparison of

the two different calculation techniques. For example, in

a case of moderate period (s� ¼ 1), it takes approxi-

mately 30 min for the finite difference program written in

Fortran77 (30	 15 grid, 60 timesteps per with a relative

precision lower than 0.1%), and 6 min for the quadru-

pole program in Matlab5 (250 terms used in the series)

on a Sun-Ultra1/SPARC workstation.

5. ‘‘Building-up’’ of thermal constriction

To define a ‘‘characteristic time’’ of constriction, we

are faced with a simple case of semi-infinite medium

1

r
o

or
r
oT
or

� �
þ o2T

ox2
¼ 1

a
oT
ot

; ð26Þ

�k
oT
ox

¼ q; 0 < r < r0; x ¼ 0; ð26aÞ

�k
oT
ox

¼ 0; r > r0; x ¼ 0; ð26bÞ

T ¼ 0; x ! 1 and r ! 1 and t ¼ 0: ð26cÞ

The analysis is difficult. We present two approaches: the

first uses the notion of ‘‘time varying resistance’’, the

second the notion of ‘‘impedance’’.

Fig. 6. Apparent system resistance versus R� (r0=R ¼ 0:20 and

s� ¼ 100). (-) Finite difference; (–) quadrupole.Fig. 5. Comparison of quadrupole result and finite difference

solution ðr0=R ¼ 0:10;R=l ¼ 0:02Þ. (-) Finite difference; (�)
quadrupole.
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In the first approach, the constriction is characterized

at every time by a time varying resistance [29]

rct ¼
2
r2
0

R r0
0
T jx¼0rdr
pr20q

: ð27Þ

In the second approach, the constriction is characterized

in the Laplace space by its impedance [27]

zct ¼
�hh
U
; ð28Þ

where �hh and U are the Laplace transforms of the average

temperature and of the heat flux over 0 < r < r0 at

x ¼ 0, respectively.

5.1. ‘‘Building-up time’’ of constriction

5.1.1. Variable constriction ‘‘resistance’’ rct
We solve the first problem (26) in pulsed regime, i.e.

replacing q in (26a) by the Dirac distribution dðtÞ

�k
oT
ox

¼ dðtÞ; 0 < r < r0; x ¼ 0: ð29Þ

The problem is the limit of the problem defined by:

�k
oT
ox

¼ 0; x ¼ 0; ð30aÞ

T ¼ 1
qcl ; r < r0;

T ¼ 0; r > r0;

�
x < l;

T ¼ 0; x > l;

9=
; t ¼ 0; ð30bÞ

where l denotes an infinitesimal thickness (l ! 0).

Fig. 7. Temperature distribution in the rod (s� ¼ 100). (a) R=l ¼ 1:0; r0=R ¼ 0:2; (b) R=l ¼ 4:0; r0=R ¼ 0:2.
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The solution of problem (30a) and (30b) by the

method of separations of variables is

T ðr; x; tÞ ¼ X ðx; tÞRðr; tÞ ð31Þ

with

X ðx; tÞ ¼ 1

2lk=a
erf

l � x

2
ffiffiffiffi
at

p
� ��

þ erf
l þ x

2
ffiffiffiffi
at

p
� ��

; ð32Þ

ðX ðx; tÞ ¼ 1

k
ffiffiffiffiffiffiffiffiffi
pt=a

p e�
x2
4 at; as l ! 0Þ; ð32aÞ

and

Rðr; tÞ ¼
4

p2r0

R1
0
e�ate

2 J1ðr0eÞJ0ðreÞ
U2e2 de for r < r0;

2
p

R1
0
e�ate

2 J1ðr0eÞJ0ðreÞ
Ue de for r > r0;

8<
: ð33Þ

where UðeÞ ¼ J1ðr0eÞY0ðr0eÞ � J0ðr0eÞY1ðr0eÞ.
Using Duhamel’s theorem, the solution of the prob-

lem (26) is obtained

T ¼
Z t

0

qX ðx; t � nÞRðr; t � nÞdn ð34Þ

and therefore the temperature for 0 < r < r0 at x ¼ 0

T ðrÞ ¼ 4q

p2k
ffiffiffiffiffiffiffiffiffiffiffiffi
pr20=a

p
	
Z 1

0

Z t

0

e�ae
2sffiffiffi
s

p ds

 !
J0ðreÞJ1ðr0eÞ

U 2e2
de;

0 < r < r0:

ð35Þ

Lastly, the constriction ‘‘resistance’’ varying with time is

obtained from its definition (27)

rct ¼
1

pr20

8

p2kr20

Z 1

0

erfð
ffiffiffiffiffiffi
ate

p
Þ J

2
1 ðr0eÞ

U 2ðeÞe4 de: ð36Þ

Fig. 9 shows the dimensionless constriction resistance,

that is the ratio of the constriction resistance and its

permanent value rcts ¼ 8=3p2kr0, as a function of the

dimensionless time t� ¼ t=ðr20=aÞ. It is difficult to define a
‘‘building-up time’’ of the constriction because the

constriction resistance approaches its permanent value

at a particularly slow pace: 0.90 at t� ¼ 10; 0.97 at

t� ¼ 100; 0.99 at t� ¼ 1000. Here, we choose a little ar-

bitrarily: sct 
 10r20=a (corresponding to r�ct ¼ 0:9).

5.1.2. Constriction impedance zct
The solution of problem (26) can be found by the use

of the Laplace transformation

zct ¼
2

pkr20

Z 1

0

J 21 ðeÞ
e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 þ pr20=a

p de: ð37Þ

Fig. 10 shows the amplitude and the phase zct.

Fig. 9. Constriction resistance versus time.

amplitude

phase

Fig. 10. Bode chart of the constriction impedance.

a

b

Fig. 8. Comparison of macro-contact with one-dimensional

model. (a) r0=l ¼ 0:04, R=l ¼ 0:20; (b) r0=l ¼ 0:002, R=l ¼
0:020. (-) One-dimensional model; (–) macro-contact.
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If we assume that the constriction impedance is es-

tablished as soon as the amplitude of zct ¼ 0:9rcts, we
have

1

pct

 60r20=a:

It is difficult to compare the two results because there is

no direct relation between the time variable and the

Laplace variable. For an order of magnitude, we use

sct 

1

pct
; i:e: sct 
 60r20=a

that is relatively close to sct 
 10r20=a.
These results show that it is difficult to bring out a

characteristic time of the constriction.

5.2. Influence of the constriction building-up on the

apparent resistance

By comparison with the one-dimensional situation,

an additional inflexion is present on the curves of Fig.

11. It is the consequence of the influence of the con-

striction building-up on the thermal field in the rod.

Thus, the system presents three scales associated with

characteristic times: contact time s (supposing that s1
and s2 are of the same order); characteristic time of

the rod sb ¼ l2=a; building-up time of the constriction

sct.
In Fig. 11, two examples are shown for sct � sb

(characteristic times sct 
 10r20=a are reported in Fig.

11): three states can be distinguished for thermal resis-

tance rapp according to the contact period.

• Large period, s � sb � sct: The constriction and the

thermal field are quasi-steady. It corresponds to the

situations of contact during phase s1 and noncontact

during s2; the solution of the problem is simply the

addition of two steady states.

• Moderate period, sb � s � sct: The contact period is

sufficiently short so that the thermal field in the rod

has no time to evolve except in the constriction zone;

the thermal field in the bar behaves then as in steady

state, only the constriction resistance varies periodi-

cally with time.

• Short period, sb � sct � s: The contact period is so

small that, neither in the rod nor in the constriction

zone, does the thermal field have time to evolve; the

system resistance is then the same as in steady state

with an average resistance at the interface equal to

the inverse of the average conductance (�hh ¼ ðs1h1 þ
s2h2Þ=s).

From Figs. 8 and 11, we conclude therefore that in the

domain s � sct, the one-dimensional and two-dimen-

sional models are identical for an equivalent boundary

condition at the interface. On the contrary, for smaller

periods, it is necessary to take into account the building-

up of thermal constriction.

5.3. Schemes for the three limiting states

On the basis of the preceding analysis, we present

three equivalent schemes of the apparent system resis-

tance corresponding to three limiting states (Fig. 12):

Fig. 11. Influence of the period on the apparent resistance.

(a) r0=l ¼ 0:04, R=l ¼ 0:20; (b) r0=l ¼ 0:002, R=l ¼ 0:020.

(a)

(b)

(c)

Fig. 12. Resistance schemes for three limiting states. (a) Large

period state, s � sb � sct; (b) moderate period state,

sb � s � sct; (c) short period state, sb � sct � s.
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• For large period state, we have two steady states,

during the time s1 for the contact and the time s2
for the noncontact, from which:

DT ¼ ðrb þ rct þ rc1ÞQ1 ¼ r1Q1 for s1;

DT ¼ ðrb þ rct þ rc2ÞQ2 ¼ r2Q2 for s2:

Calling on �QQ the flux average for the period, we

have

DT ¼ rapp �QQ with rapp the apparent resistance

since

�QQ ¼ Q1s1 þ Q2s2
s

¼ DT
r1

s1
s
þ DT

r2

s2
s

and by identification

rapp ¼
1

1
r1s=s1

þ 1
r2s=s2

;

i.e. 1=ðr1s=s1Þ in parallel with 1=ðr2s=s2Þ (scheme a of
Fig. 12).

• For moderate period state, the approach is identical

considering the fact that the thermal field in the rod

does not evolve except in the constriction zone, that

is to say

DT ¼ rb �QQþ ðrct þ rc1ÞQ1 for s1;

DT ¼ rb �QQþ ðrct þ rc2ÞQ2 for s2;

by identification, we obtain

rapp ¼ rb þ
1

1
ðrctþrc1Þs=s1

þ 1
ðrctþrc2Þs=s2

ðscheme b of Fig: 12Þ:

• For short period state, the approach is identical con-

sidering the fact that neither in the rod nor in the

constriction zone does the thermal field evolve, that

is to say

DT ¼ ðrb þ rctÞ �QQþ rc1Q1 for s1;

DT ¼ ðrb þ rctÞ �QQþ rc2Q2 for s2;

i.e.,

rapp ¼ ðrb þ rctÞ þ
1

1
rc1s=s1

þ 1
rc2s=s2

ðscheme c of Fig:12Þ:

In the studied case where h1 
 1, h2 
 0 and s1 ¼ s2,
the resistance networks give directly the apparent system

resistance: large period state, rapp1 ¼ 2ðrb þ rctÞ; mod-
erate period state, rappm ¼ rb þ 2rct; and short period

state, rapp0 ¼ rb þ rct.

Table 1 shows the results of the schemes for two

cases. In the calculation, we have

rct ¼ A0

R2

r0l
rb with

A0 ¼ 0:848� 1:093
r0
R
þ 0:245

r0
R

� 
3:75
and rc1;2 ¼

1

pR2h1:2
:

It is then immediate to verify that the three flats

observed in both curves in Fig. 11 correspond to three

asymptotic values obtained from the resistance schemes.

It should be noted that the quadrupole model and the

preceding analyses remain valid for practical periodic

micro-contact, where practical contact is modeled by a

great number of cylindrical unit cells. The only differ-

ence is that the building-up time of constriction departs

much more from the characteristic time of the rod as

a consequence of an exceedingly small R=l value in

practice.

6. Conclusion

A quadrupoles method has been developed to solve

heat transfer through a macro-contact with thermal

constriction, which is periodic in time and two-dimen-

sional in space. The constriction is taken into account by

the means of a constriction term present in the quad-

rupole matrix. The solution of the problem is based on

Fourier developments of time periodic variables. The

analytical approach is validated by a finite difference

solution under the geometric condition that l > R.
The macro-contact study shows that the one-di-

mensional periodic model remains valid for long con-

tact periods, however it is necessary to introduce the

concept of ‘‘building-up’’ of the constriction to explain

the thermal contact behavior for short and moderate

periods. It is demonstrated that three characteristic

times govern the problem: contact period s, charac-

teristic time of the rod sb and ‘‘building-up’’ time of

constriction sct. In the studied case where sct � sb,
three different asymptotic states can be observed ac-

cording to the contact period compared with two other

characteristic times. Simplified schemes of the apparent

resistance are presented corresponding to the three

limiting states.

Table 1

Results obtained by resistance schemes

r�b r�ct r�app1 r�appm r�app0
Curve a 1.00 0.63 3.26 2.26 1.63

Curve b 1.00 0.15 2.30 1.30 1.15

(a): r0=l ¼ 0:04, R=l ¼ 0:20; (b): r0=l ¼ 0:002, R=l ¼ 0:020.
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The ‘‘building-up’’ time at 90% of the constriction

resistance is analytically determined in a simple case:

sct 
 10r20=a.

Appendix A. Fourier development of hðtÞ (in the case of

contact-noncontact)

The complex Fourier expansion of an absolutely

integrable function hðtÞ in the ½0; s� domain is defined

by

hðtÞ 

X

hneixnt with xn ¼
2np
s

;

where

hn ¼ hn ¼
1

s

Z s

0

hðtÞe�ixntdt:

Therefore the harmonics of the intermittent conduc-

tance

hðtÞ ¼
h1; 0 < t < fs;

h2; fs < t < s;

(

are

h0 ¼ fh1 þ ð1� fÞh2;

hn ¼ 1�e�2npfi

2npi ðh1 � h2Þ; n ¼ 1; 2; 3; . . .

8<
:
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